Abstract. Let W be a polynomial or power series in several variables, or, more generally, a nonzero element in some regular commutative ring. A matrix factorization of W consists of a pair of square matrices X and Y of the same size, with entries in the given ring, such that the matrix product XY is W multiplied by the identity matrix. For example, if X is a matrix whose determinant is W and Y is its adjoint matrix, then (X, Y ) is a matrix factorization of W .
Introduction by the Organisers
The workshop Matrix Factorizations in Algebra, Geometry, and Physics, organised by Ragnar-Olaf Buchweitz (Toronto), Kentaro Hori (Kashiwa), Henning Krause (Bielefeld) and Christoph Schweigert (Hamburg) has brought together 50 particpants from the fields of algebra, geometry and mathematical physics.
The concept of matrix factorization as here understood was introduced in 1980 by D. Eisenbud. He showed that matrix factorizations of W are essentially the same as maximal Cohen-Macaulay modules over the associated hypersurface ring and that consequently any projective resolution of a module over a local hypersurface ring becomes eventually 2-periodic, the periodic part given by a matrix factorization.
During the 1980's, algebraic as well as geometric aspects of matrix factorizations were studied by M. Auslander, R.-O. Buchweitz, D. Eisenbud, G. M. Greuel, J. Herzog, H. Knörrer, I. Reiten, F.-O. Schreyer and many others, with important applications to Singularity Theory, Algebraic Geometry and Representation Theory.
In particular, it was shown that (homotopy classes of) matrix factorizations of W form a triangulated category that is equivalent to the stabilized derived category of the usually singular hypersurface W = 0, as well as to the homotopy category of complete resolutions or to the stable category of maximal CohenMacaulay modules, with the last three equivalences holding true more generally for Gorenstein rings (Buchweitz). Also, it was shown that the categories of matrix factorizations of W and of W + xy are equivalent (Knörrer periodicity).
In the early 2000's, the relevance of matrix factorizations to String Theory was recognized -supersymmetric boundary conditions (D-branes) in the topological Landau-Ginzburg model with superpotential W are described as matrix factorizations of W (Kontsevich, Orlov). Independently, Orlov also generalized the affine results for Gorenstein rings to a large class of schemes.
There were 18 contributed talks to the workshop, of a length of 60 minutes each. 7 of these talks were selected by the organizers before the workshop. On Monday evening, 36 participants gave short presentations of five minutes each from which the remaining 11 full talks were selected. The session comprising the short presentations was generally perceived as stimulating and instructive by the participants of the workshop. Ten talks were given by young participants; for some of them, the talk was their first contribution to a workshop in Oberwolfach.
In the remaining part of the introduction, we briefly describe the mathematical interrelations of the full talks.
A series of contributions was strongly rooted in singularity theory: H. Lenzing discussed categories of matrix factorizations for Brieskorn singularities. K. Ueda's talk was devoted to the relation between non-commutative matrix factorizations and dimer models, while A. Takahashi reported on algebraic and geometric aspects of mirror symmetry for Landau-Ginzburg orbifolds for invertible polynomials in three variables. M. Kalck discussed relative singularity categories that measure the "difference" between a non-commutative resolutation and the smooth part of a Gorenstein singularity. In this context, also O. Iyama's short contribution on higher-dimensional Geigle-Lenzing spaces should be mentioned. Walker demonstrated in his talk how ideas in singularity theory, in particular results by Buchweitz and van Straten on the Milnor fibre, can be usefully applied to arithmetic questions.
Triangulated categories have featured prominently in the contributions of T. Dyckerhoff and M. Kapranov. Using intrinsic combinatorial structure in triangulated categories, they have used standard constructions from topological field theory to associate a dg-enrichted triangulated category to triangulated surfaces with marked points which is a combinatorial version of a Fukaya category. Kapranov in particular explained the role of a particular 2-Segal cyclic object. F. Haiden introduced a notion of a dynamical entropy for endofunctors on triangulated categories. A. Polishchuck has used matrix factorizations to provide an algebraic construction, analogous to an analytic construction of Fan-Jarvis-Ruan, of cohomology classes on the moduli space of stable pointed curves.
In this talk, the bicategorical structure (with dualities) on matrix factorizations was important. Based on general ideas in two-dimensional field theories, this structure was introduced in N. Carqueville's contribution. In fact, structures inspired by low-dimensional quantum field theories played an important role also in other talks with various directions of mathematical impact, in particular in the contributions of Dyckerhoff-Kapranov and of Pantev. Murfet showed how to use the structure of a cut system to implement linear logic. Hanno Becker discussed the relation of two categorified knot invariants: Khovanov-Rozansky homology that is defined via matrix factorizations and Mazorchuk-Stroppel-Sussan homology based on the Bernstein-Gelfand-Gelfand category O. O. Schnürer presented a construction of motivic measure from matrix factorizations.
The interrelation of questions arising in string theory and in mathematics was reflected in the contribution of E. Sharpe and U. Isik who discussed aspects of Kuznetsov's homological projective duality from the point of view of string theory and projective geometry. GIT-quotients and their variations were discussed using gauge-theoretic methods by J. Knapp; I. Shipman has constructed autoequivalences for them.
Numerous discussions among the participants, in particular among participants belonging to different mathematical communities, have contributed to the workshop in an essential way. Thus the workshop provided an ideal atmosphere for fruitful interaction and exchange of ideas. It is a pleasure to thank the administration and the staff of the Oberwolfach Institute for their efficient support and hospitality.
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